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All non-linear extensions of the source-free Maxwell equations preserving both SO(2) electro-
magnetic duality invariance and conformal invariance are found, and shown to be limits of a one-
parameter generalization of Born-Infeld electrodynamics. The strong-field limit is the same as that
found by Bialynicki-Birula from Born-Infeld theory but the weak-field limit is a new one-parameter
extension of Maxwell electrodynamics, which is interacting but admits exact plane-wave solutions.
PACS numbers:
Non-linear extensions of Maxwell’s equations have a
long history. The Born-Infeld (BI) theory, reviewed in
[1], is perhaps the best known example. The Born-
Infeld equations have the special feature that they pre-
serve the electromagnetic duality invariance of Maxwell’s
equations, but they depend on a parameter with dimen-
sions of energy density (in natural units) and hence are
not conformal invariant, in contrast to Maxwell’s equa-
tions, which may be viewed as a weak-field limit of the
BI equations; the strong-field limit yields the interacting
conformal Bialynicki-Birula (BB) electrodynamics [2, 3].
An obvious question is whether there are any other
duality-invariant conformal theories of electrodynamics.
Here we use Hamiltonian methods similar to those of [2]
to determine the conditions imposed by duality and con-
formal invariance on the Hamiltonian density of a generic
non-linear theory of electrodynamics. These conditions
have two types of solution: one yields BB electrodynam-
ics and the other yields a one-parameter modification of
Maxwell electrodynamics; for convenience we refer to it
as the ModMax theory. The non-linear ModMax equa-
tions depend on a dimensionless parameter γ and they
reduce to Maxwell’s equations when γ = 0. For any other
value of γ there are interactions, but plane wave solutions
exist provided γ > 0.
It is generally supposed that Maxwell’s equations are
the unique conformally invariant equations of electrody-
namics, and this is easily established if one assumes that
all such equations arise from variation of a Lagrangian
density that is a real analytic function of gauge-invariant
Lorentz scalars, or (equivalently) from an analytic Hamil-
tonian formulation. Like BB electrodynamics, the Mod-
Max theory violates this analyticity assumption.
Because of non-analyticity, a Legendre transform in
ModMax theory does not provide the usual one-to-one
map between solutions of the Hamiltonian equations and
solutions of the Euler-Lagrange (EL) equations; we shall
argue, making use of the EL equations, that the Hamil-
tonian equations (for γ ≥ 0) define a consistent classical
dynamics.
The Hamiltonian density H for a generic source-free
theory of electrodynamics is a function of the magnetic
induction 3-vector field B and an independent electric-
displacement 3-vector field D. The field equations are
the “macrocopic Maxwell equations”
B˙ = −∇× E , ∇ ·B = 0 ,
D˙ = ∇×H , ∇ ·D = 0 , (1)
taken together with the “constitutive relations”
E = ∂H/∂D , H = ∂H/∂B . (2)
These equations imply that
H˙ = −∇ · (E×H) , P˙i = −∂jT ji , (3)
where {Pi ; i = 1, 2, 3} are the components of the field
3-momentum density P = D×B, and
T ij = δ
i
j (B ·H+D · E−H)−
(
BiHj +D
iEj
)
. (4)
This is the stress tensor; it is symmetric because rota-
tional invariance implies that B×H+D×E = 0.
We may conclude from (3) that the integrals over space
of H and P are conserved quantities for appropriate
boundary conditions; they are the conserved energy and
momentum associated with the time and space transla-
tional invariance of the field equations. Together with
rotational invariance, these are the manifest symmetries
of the field equations but there may be additional sym-
metries that are not manifest, such as Lorentz boost in-
variance. In a Lorentz invariant theory it should be pos-
sible to write the equations (3) as the 4-vector continuity
equation for a symmetric energy-momentum-stress ten-
sor, but this is possible only if
E×H = D×B , (5)
2which is therefore the condition for the equations (1) to
be Lorentz invariant [2]. The Lorentz scalar trace of this
energy-momentum-stress tensor is
T ii −H = 2 [D · E+B ·H− 2H] . (6)
The condition for conformal invariance is therefore (5)
and
D ·E+B ·H = 2H . (7)
Finally, the condition for invariance under the SO(2)
electromagnetic duality group, which acts by shifting the
phase of the complex 3-vector field D+ iB, is [2]
E ·B = D ·H . (8)
There are three independent rotation scalars, but at
most two are duality invariant; for example:
s =
1
2
(|D|2 + |B|2) , p = |D×B| . (9)
If H is a duality invariant rotation scalar, which we as-
sume, then it must be a function of s and p. Using the no-
tation (Hs,Hp) for partial derivatives of H, the Lorentz
invariance condition (5) implies, upon using (2), that
H2s +
2s
p
HsHp +H2p = 1 . (10)
One obvious solution to this equation is H = s, which
is the Maxwell Hamiltonian density; in this case E = D
and H = B, and (7) is satisfied, as expected.
A less obvious solution of (10), depending on a con-
stant T with dimensions of energy density, is
H =
√
T 2 + 2Ts+ p2 − T . (11)
This is the Hamiltonian density of Born-Infeld electrody-
namics. Its weak-field (T → ∞) limit is H = s and its
strong-field (T → 0) limit is H = p, which is the Hamil-
tonian density found by Bialynicki-Birula; it defines an
interacting conformal electrodynamics that is also invari-
ant under an enlarged Sl(2;R) duality group [2]. Notice
that p, considered as a function of either D or B, is ho-
mogeneous of unit-weight; i.e.
H = p ⇒ D · E = B ·H = H . (12)
This implies (7) and hence conformal invariance. It also
implies that the attempt to find a Lagrangian density by
taking the Legendre transform of H(D,B) with respect
to D fails, since D · E − H ≡ 0 [2]. Thus, the Lorentz
invariance of the strong-field limit of BI electrodynamics
cannot be made manifest in this way, although it can be
made manifest in other ways [3, 4].
In order to look for other solutions of (10) it is con-
venient to rewrite this equation using the following new
basis for duality invariant rotation scalars:
u =
1
2
(s+
√
s2 − p2) , v = 1
2
(s−
√
s2 − p2) . (13)
These new variables are well-defined since
s2 − p2 = ξ2 + η2 ≥ 0 , (14)
where (ξ, η) are the following rotation scalars (which will
be used later):
ξ =
1
2
(|D|2 − |B|2) , η = D ·B . (15)
In the new basis (13) the PDE of (10) simplifies to
HuHv = 1 . (16)
It is also convenient to define a new function K(u, v) by
H =
√
K + constant (17)
to get the new equation
KuKv = 4K . (18)
For quadratic K(u, v), this equation just constrains the
coefficients. Assuming that K is non-negative for all val-
ues of (u, v), the general quadratic solution is found to de-
pend on one parameter T with dimensions of energy den-
sity and an additional dimensionless parameter γ. The
corresponding Hamiltonian density is
H =
√
T 2 + 2T (e−γu+ eγv) + 4uv − T , (19)
where the constant in (17) has been chosen to ensure a
zero vacuum energy. For γ = 0 this reduces to the BI
Hamiltonian density (11), so we have now found a one-
parameter generalisation of BI theory; it has the same
strong-field (T → 0) limit as BI theory but the weak-
field (T →∞) limit is different. In terms of the rotation
scalars (s, p), and using ‘sh’ for ‘sinh’ and ‘ch’ for ‘cosh’,
the manifestly duality-invariant form of the weak-field
Hamiltonian density is
H = (ch γ)s− (sh γ)
√
s2 − p2 . (20)
Notice that H ≥ 0 for any value of γ. An equivalent
expression is
H = 1
2
(ch γ)(|D|2 + |B|2) (21)
− 1
2
(sh γ)
√
(|D|2 − |B|2)2 + 4(D ·B)2 .
The Maxwell Hamiltonian density is recovered for γ = 0,
so we have now found the promised one-parameter “Mod-
Max” extension of Maxwell’s electrodynamics. For any
value of γ, its Hamiltonian density is a weight-2 homoge-
neous function of (D,B) and hence satisfies the condition
(7) required for conformal invariance.
It is possible that there are other non-linear Lorentz
and duality invariant theories of electrodynamics, corre-
sponding to other solutions of (10), but there are no other
3such theories that are also conformal invariant. To prove
this we observe that when H is a function only of (s, p)
the conformal invariance condition (7) becomes
sHs + pHp = H . (22)
This implies that H can be written as a product of s
with some function of the dimensionless ratio p/s; it is
convenient to choose
H(s, p) = sf(y) , y =
√
1− (p/s)2 . (23)
The condition on f implied by (10) is found to be
(f − yf ′)2 − (f ′)2 = 1 , f ′ = ∂f
∂y
. (24)
Differentiating once we deduce that
f ′′
[
(1− y2)f ′ + yf] = 0 . (25)
This equation has two solutions:
(i) f = a+ by , (ii) f = c
√
1− y2 , (26)
and substitution into (24) shows that
a2 − b2 = 1 , c2 = 1 . (27)
The first solution yields ModMax with tanh γ = −b/a.
The second solution yields H = ±p, which is the BB the-
ory if we assume that H is non-negative. Thus, the only
(positive energy) conformal and duality invariant field
theories of electrodynamics are Bialynicki-Birula electro-
dynamics and the new family of ModMax theories, with
Maxwell electrodynamics as the special free-field case.
For the ModMax Hamiltonian density (21), the consti-
tutive relations (2) become
E = [ch γ − (sh γ) cosΘ]D− (sh γ)(sinΘ)B , (28)
H = [ch γ + (sh γ) cosΘ]B− (sh γ)(sinΘ)D , (29)
where the angular variable Θ is defined by
(ξ, η) =
√
η2 + ξ2 (cosΘ, sinΘ) , (30)
and (ξ, η) are the rotation scalars of (15). Notice
that Θ → Θ + 2α under the duality transformation
(D+ iB)→ eiα(D+ iB).
It follows from the above ModMax expressions for
(E,H) that the field equations (1) linearize when Θ = θ,
a constant. Iteration then yields the wave equations
(D + iB) = 0, which suggests that we consider plane-
wave configurations for which
D+ iB = ℜ [Dei(k·x−kt)] + iℜ [Bei(k·x−kt)] , (31)
where (D,B) are complex 3-vector amplitudes. For such
configurations the field equations (1) reduce to the alge-
braic equations
D = −n× [A+B − CD] ,
B = n× [A−D − C B] , (32)
for unit vector n = k/k, and constants
A± = ch γ ± (sh γ) cos θ , C = (sh γ) sin θ . (33)
These equations imply that bothD and B are orthogonal
to n, and they determine one in terms of the other; e.g.
D = A−1− [n×B + C B] . (34)
Using this result, one can show that
√
s2 − p2 = (tanh γ)s , (35)
but this is compatible with non-zeroD+iB only if γ ≥ 0,
which we henceforth assume; otherwise there can be no
plane-wave solutions.
Given that γ > 0, we have plane-wave solutions for
any choice of B orthogonal to n, with D then given by
(34). We also have from (28) and (29) that
E = −n×B, H = n×D , (36)
and hence, as expected for plane waves,
|E|2 − |B|2 = E ·B = 0 . (37)
This is true for any value of θ but only solutions with
the same θ (mod 2π) may be superposed. Plane-wave
solutions for different values of θ will interact, but their
energy densities as a function of s are θ-independent be-
cause (35) implies that
H = (ch γ)−1s = |P| = |D×B| . (38)
Notice that this is the Hamiltonian of the BB theory,
for which equations (36) hold even for non-constant
n = P /|P | [2, 3]. The ModMax plane-wave solutions
are therefore also solutions of BB electrodynamics. In
fact, all solutions of the ModMax theory with γ ≥ 0
satisfying (35), and hence (37), are solutions of the BB
theory; in contrast, the ModMax theory with γ < 0 has
no solutions satisfying (37).
Notice now that the Hamiltonian (38) does not satu-
rate the upper bound implied by the general expression
(20) on the assumption that γ > 0:
H/s ≤ ch γ (γ ≥ 0). (39)
This bound is saturated at points in field-space for which
s2 − p2 = 0; equivalently, when ξ = η = 0. A po-
tential difficulty of ModMax electrodynamics is that the
field equations involve the variable Θ which is not de-
fined at these points. The origin of this feature is the
non-analyticity of the ModMax Hamiltonian density at
ξ = η = 0. An issue of importance for the physical via-
bility of the ModMax theory is whether the interactions,
e.g. between two incoming plane-wave packets, can lead
to a saturation of the bound (39) for non-zero energy
4density. As the Lagrangian formulation of ModMax elec-
trodynamics is relevant to this issue, we now turn to it.
Equations equivalent to the combined Hamiltonian
field equations (1) and constitutive relations (2) may be
derived from the phase-space action
I[A;A0] =
∫
dt
∫
d3x {E ·D−H(D,B)} , (40)
where the potentials (A0,A) are defined, up to gauge
transformations, by the relations
E =∇A0 − A˙ , B =∇×A . (41)
Elimination of D by means of its field equation, which is
E = ∂H/∂D, effects the Legendre transform of H(D,B)
with respect to D and hence yields an action with
configuration-space Lagrangian density L(E,B).
To implement this transform for the ModMax theory,
we first use the fact that
√
s2 − p2 = ξ secΘ to rewrite
the ModMax Hamiltonian (20) density as
H = (ch γ)s− (sh γ)(secΘ)ξ . (42)
By contracting both sides with D we obtain an expres-
sion for E ·D which we may use to deduce that
L = E ·D−H = (ch γ)ξ − (sh γ)(cosΘ)s . (43)
We should be able to rewrite this expression in terms of
the two independent Lorentz scalars:
S =
1
2
(|E|2 − |B|2) = −1
4
ηµνηρσFµρFνσ ,
P = E ·B = −1
8
ǫµνρσFµνFρσ , (44)
where Fµν (µ, ν = 0, 1, 2, 3) are the components of the
field-strength 2-form F = dA for the 1-form potential
A = dtA0 + dx ·A, and ηµν is the Minkowski metric.
By contracting both sides of (28) withB, and by taking
the norm-squared of both sides, we deduce that
P = tanΘ [(ch γ)ξ − (sh γ)(cosΘ)s] , (45)
S = (ch γ) [ch γ − (sh γ) secΘ] ξ
+ (sh γ)[sh γ − (ch γ) cosΘ]s . (46)
It is convenient to introduce another dimensionless vari-
able Θ˜, defined by
(S, P ) =
√
S2 + P 2
(
cos Θ˜, sin Θ˜
)
. (47)
This allows us to interpret (45) as a second equation for
S, and consistency with (46) then implies
tanΘ = [ch γ − (sh γ) secΘ] tan Θ˜ . (48)
This relation is equivalent to both of the following reci-
procity relations:
ch γ − (sh γ) secΘ = [ch γ + (sh γ) sec Θ˜]−1 , (49)
ch γ − (sh γ) cosΘ = [ch γ + (sh γ) cos Θ˜]−1 . (50)
Finally, a comparison of (43) with (45) shows, taking into
account (47), that
L = (ch γ)S + (sh γ)
√
S2 + P 2 , (51)
which is the manifestly Lorentz invariant ModMax La-
grangian density; notice that it takes the general form
L = Sf(P/S) for some function f , as required for con-
formal invariance [5].
The ModMax Hamiltonian density can be recovered
from its Lagrangian density by elimination of E using
the equation D = ∂L/∂E, which is
D = [ch γ + (sh γ) cos Θ˜]E+ (sh γ)(sin Θ˜)B . (52)
This equation is generically equivalent to (28), as ex-
pected: using it to replace D in (28) yields an iden-
tity as consequence of the reciprocity relation (50). We
say “generically” because D is not defined by (52) when
S = P = 0, which are equivalent to the equations of (37);
and also because E is not defined by (28) when ξ = η = 0.
However, (28) is well-defined when (52) is not; we have al-
ready seen that the plane-wave solutions (31)-(34) of the
Hamiltonian field equations are mapped by (28), which
in this context is E = n × B, to Lagrangian configura-
tions satisfying S = P = 0. The non-analyticity of L at
S = P = 0 implies that the ModMax EL equations are
ill-defined for plane-wave configurations.
We think it plausible that, with appropriate bound-
ary conditions, the asymptotic solutions of the Hamil-
tonian field equations as t → ±∞ will be plane-wave
packets, and that their evolution during a period of in-
teractions can be followed using either the Hamiltonian
equations or the EL equations. In this case we may in-
vestigate whether the Hamiltonian equations can become
ill-defined by asking whether the Lagrangian evolution
can lead to a configuration for which, in some region,
|D| = |B| and D ·B = 0; i.e. ξ = η = 0.
Expressions for (ξ, η) may be derived from (52); setting
them to zero then yields
√
S2 + P 2 = − tanh γ
2
(E2 +B2) , (53)
which is analogous to (35), but now consistency requires
γ ≤ 0. In other words, for γ > 0 there is no non-vacuum
(E,B) configuration corresponding to a (D,B) configu-
ration for which the Hamiltonian field equations are ill-
defined. We consider this to be strong evidence that the
(γ ≥ 0) Hamiltonian ModMax field equations define a
consistent classical field theory.
The coupling to charged matter can be introduced in
the usual way but the issue of quantum consistency re-
mains to be investigated. If this test is passed then
ModMax electrodynamics could be a viable alternative
to Maxwell’s theory for sufficiently small γ. This would
raise the question of why this parameter is small and the
5answer will presumably depend on its physical interpreta-
tion. Nonlinear extensions of Maxwell’s electrodynamics
have applications in fields ranging from optical materials
to cosmology, and the ModMax extension could become
relevant in limits in which conformal and duality invari-
ance are expected.
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